In this paper we study controllability properties of linear degenerate parabolic equations. Due to degeneracy, classical null controllability results do not hold in general. Thus we investigate results of 'regional null controllability', showing that we can drive the solution to rest at time T on a subset of the space domain, contained in the set where the equation is nondegenerate.
Introduction
This paper is concerned with null controllability for the degenerate heat equation; r ut -{a{x)uj:)^ +b{t,x)u-j: + c{t,x)u = h{t,x)x{a,i3){x), I u{t,Q) = u{t,l)^Q, •Paper written with financial support of "Istituto Nazionale di Alta Matematica". Note that, under suitable assumptions on 6, the problem is well-posed in the sense of semigroup theory, working in appropriate weighted spaces.
Please use the following format when citing this chapter:
Interest in degenerate parabolic equations as the one above is motivated by applications to probability (see, e.g., [7] ) as well as to physical problems (see, e.g., [11] ). Moreover, while null controllability for nondegenerate parabolic operators of second order in bounded domains has been studied in several papers (see, e.g. [10, 8] ), the same problem seems widely open in the case of degenerate equations.
We recall the standard notion of null controllability. DEFINITION 1) ) such that the solution u of (I) satisfies u{T) = 0 in (0,1).
(ii): Equation ( It is well-known that null controllability in any time T > 0 holds for equation (1) in the nondegenerate case, i.e., if a is assumed to ht positive on [0,1] (see for instance [10, 8] ). On the contrary simple examples (see, e.g., [6] ) show that null controllability fails due to the degeneracy of a.
In [6] and in [4] , problem (1) is considered, under different assumptions on a, in the special case & = 0 and 5^0, c{t, x)u = f{t, x, u), respectively. In both cases the following notion of regional null controllability has been developed. DEFINITION 2 (REGIONAL NULL CONTROLLABILITY, [6] ) Setb = 0. Equation (1) is regional null controllable in time T if for all UQ G i^(0,1), and 5 G (0, /3 -a), there exists h G i^((0, T) x (0,1)) such that the solution u of (1) satisfies u{T, x)=^0 for xe{a + S, 1).
The proof given in [6] to show that the solution of (1) satisfies (3) is based on an observability inequality for a suitable adjoint problem. Such an inequality is obtained by an appropriate use of cut-off functions and Carleman estimates (see, e.g., [1] , [9] , or [12] ) for nondegenerate parabolic operators. In [4] and in the present paper the main feature of our approach is that we use a new method of proof. Indeed, instead of deducing null controllability from observability, we derive the result directly, using cut-off functions and the fact that equation of (1) is null controllable when x varies in any subinterval / CC (0,1], where a in nondegenerate. Although, in the present paper, we have focussed our attention on linear equations, we believe that our approach can be extended to more general problems such as semilinear equations, higher space dimensions, and so on.
We note that global null controllability is a property stronger than (3) in the sense that it is automatically preserved with time. More precisely, if u(T) = 0 in (0,1) and if we stop controlling the system at time T, then for all t > T, u{t) = 0 in (0,1). On the contrary, regional null controllability is a weaker property: due to the uncontrolled part on (0, a + S), (3) is no more preserved with time if we stop controlling at time T. Thus, it is important to improve the previous result, as shown in [6] or [4] , proving that the solution can be forced to vanish identically on {a + 5,1) during a given time interval (T, T'), i.e. that the solution is persistent regional null controllable. 
In the present paper, we extend the above definitions and results to the case ofbj^O, that is
where the coefficients b and c satisfy suitable conditions so that the problem is well-posed. In particular, the coefficient b will be assumed to satisfy a bound of theform |&(t,x)| < K-Ja(x), a condition which is well-known in the literature (see also Remark 5) .
As an application of our null controllability results, we derive observability inequalities for a class of linear degenerate paraboUc equations which includes the adjoint systems of certain optimal control problems considered in [6] (see Corollaries 9 and 10).
The paper is organized as follows: in sections 1 and 2 we discuss the wellposedness of equation (1), introducing function spaces and operators, and state our controllability results. The proofs of these results are given in section 3.
2.
Well-posedness
In this section we make the following assumptions: 6, cei~((0,r')x(0,l));
3K >0 such that \b{t,x)\ < KJa{x)for {t,x) & (0,T') x (0,1).
Observe that (6) is, for example, satisfied by a{x) := X'P, p < 1. , then we don't need a boundary condition at a; = 0 (see, e.g., [7] ).
Let us consider the linear degenerate parabolic equation on (0,1):
For well-posedness, we introduce the following weighted spaces 
We recall the following properties of (A, D{A)) (see [2] for a proof in the case a(0) = a(l) = 0, and [6] for the proof in our case): Hence, A is the infinitesimal generator of a strongly continuous semigroup e*^ on L^(0,1). Moreover, one can show that e*^ is analytic, even if we make no use of such a property. Since A is a generator, working in the spaces considered above, we have that (9) is well-posed in the sense of semigroup theory:
THEOREM 7 Under Hypothesis 1, for every h e L2((0,T') X (0,1)) and for every UQ G L'^{0, 1), there exists a unique weak solution u of (9) such that u e C°([0, T']; L2(O, 1)) n L2(O, T'; iJi). Moreover, ifuo e Hf{0,1), then u &U~ H\0, T'; L^{0,1)) fl L'^{0,T'; HI) n C°([0, T']; iJ^),
and
where C is a positive constant.
Controllability results
Assume that Assumption 4 1 is satisfied. Using the fact that o is nondegenerate on (a, 1) and a classical result known for linear nondegenerate parabolic equations in bounded domains (see for example [10, 8] ), we will now give a direct proof of regional null controllability for the linear degenerate problem (9). This result was proved in [6] and in [4] in the case 6 = 0 and b j^ 0, respectively, and a G C^ [0, 1] . In particular, in [6] , the proof was based on suitable regional observability inequalities which constituted the major technical part of the paper. Here, following [4] , we give a different proof: we can deduce directly (i) from the classical null controllability results known for nondegenerate parabolic equations. Then, (ii) follows from (i) (as in [6] ). Recently in [3] the null controllability result stated in the previous theorem is improved in the sense that global null controllability is proved for the following equation
As an application of Theorem 12.(i), we will deduce directly the regional observability inequality found in [6] . Consider the adjoint problem associated to 
Similarly, as a consequence of the persistent regional null controllability result above one can deduce the second observability inequality given in [6] for the non homogeneous adjoint problem. Indeed, given the adjoint system 
Proofs
First of all, we have to observe that the well-posedness of (9) follows from the fact that A generates a strongly continuous semigroup and the operator i3(t) defined as
can be seen as a particular perturbation of A in D{{-A)^).
Regional null controllability
In this section, we prove point (i) of Theorem 12. Note that (ii) follows from (i) as in [6] . We now construct cut-off functions that will be used in the following. Let 0 e C°°([0, +oo)) be such that 0 < 0 < 1, and 
where KT is a positive constant and depends on T.
3) Let z be the solution of 
Observability property
In this part we prove that Theorem 12.(i) implies the observability property (16). Using (13) and (14), one directly has the next lemma. LEMMA 11 Let h be the control given by Theorem 12. (1) andu the corresponding solution of (9) . Then 
